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Abstract- In this paper, 2D-FDFD method is applied for measuring
electrical properties of dielectric materials using an open-ended coaxial
probe. An SMA connector with flange is used as the coaxial probe and
the reflection coefficient from probe aperture in contact with dielectric
is measured by a vector network analyzer. To convert the apertureplane reflection coefficient to dielectric permittivity, first, the coaxial
probe is modeled by the 2D-FDFD method and then the genetic
algorithm is employed to solve the inverse problem. The accuracy of the
proposed method is investigated by measuring the dielectric properties
of three known materials. The mean absolute percentage errors are
below 10% and the maximum absolute percentage error is below 12%.
A good agreement between measured and actual values are observed.
Index Terms- FDFD method, open-ended coaxial probe, permittivity.

I. INTRODUCTION
In general, the characterization of material properties at microwave frequencies has many
application in various fields such as materials science, microwave system design, microwave absorber
development, and biological research [1]. According to Table I, various methods have been proposed
to determine the electromagnetic (EM) properties of materials [2]-[9]. Among them are methods
based on open-ended coaxial probes. Broadband response, simplicity and the capacity for noninvasive measurements make these probes good candidate for electrical properties characterization
[10]. Many researches have been published on using open-ended coaxial probe for EM properties
measurement. These researches can be classified into two categories. The researches in the first
category are based on simple models such as lumped element model (capacitive/radiation model) [2],
virtual transmission line [4] and rational function model (RFM) [5],[6]. Although these models are
simple and fast, they suffer from some limitations. For example, there are unknown frequencyindependent variables in the equations of the lumped element model. To determine these unknown
variables, materials with known electrical properties, which are called calibration materials, should.
Manuscript received 1-Sept.-2020 and revised 3-Dec.-2020,
Accepted on 16- Feb.-2021

P- ISSN: 2322-4088
E- ISSN: 2322-3936

FDFD Based Measurement of Permittivity Using an Open-ended Coaxial Probe

2

Table I. Brief comparison between various techniques for EM properteis measurements[2]-[9].

Measurement
techniques

Description

Mathematical
Methods

Nicholson
Ross -Weir (NRW)

Transmission/
Reflection Line

Broadband (0.05-75 GHz),
2-port, destructive, 1 to 5%
accuracy

Broadband (0.2-50 GHz),
1-port, 1 to 10% accuracy, noninvasive

measured-parameters/
dielectric properties

Lossy solids, short, nonmagnetics/magnetics

(S11, S21, S12, S22) or
(S11, S21)
/ Mu, Epsilon

NIST

Low loss solids, long, nonmagnetics

Poly Fit,
Bartly

magnetics, not recommended for
meta or left handed materials

Short circuit line
(SCL)

long samples for low loss materials

Lumped element
model

Low loss materials

Virtual transmission
line

Open-ended
coaxial probe

Material properties

(S11, S21, S12, S22) or
(S11, S21)
/ Epsilon
(S11, S21, S12, S22)
/ Mu, Epsilon
S11
/ Epsilon

Lossy solids and liquids

Rational function
model (RFM)

S11
/ Epsilon

Analytical
Applicable to an
/semi-analytical full- extensive range of materials (liquids,
wave analysis
semi-solids, solids, powders...)
Numerical simulations

(S11, S21, S12, S22) or
(S11, S21)

NRW

Free space

/ Mu, Epsilon

Broadband (5-500 GHz),
2-port, 1 to 2% accuracy, Need
a flat surface

High temperature solids, large/ flat,
non-magnetic
(S11, S21, S12, S22) or
(S11, S21)

NIST

/ Epsilon
Single frequency (1-100 GHz),
Resonant Method
0.1 to 2% accuracy,
(Cavity)
Destructive, need complicated
algorithms

Frequency
& Q-factors

Low loss solids, small, magnetic,
non-magnetic

f, Q
/ Mu, Epsilon

be used. The sensitivity of the values of the unknown parameters to the calibration material properties
can limit the accuracy of the measurement. Besides, the capacitive model is not suitable for high loss
dielectric measurements and is valid at frequencies which the dimensions of the coaxial line are small
compared to the wavelength [2], [11]. The results of experimental measurements have shown that the
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virtual transmission line model has an appropriate accuracy for measuring complex dielectric
coefficients of materials such as biological tissues, however it has the same drawback of calibration
materials which explained above. In fact, the virtual transmission line model gives accurate results
when the dielectric properties of calibration materials are close to those of the unknown material of
under test. Experimental tests presented by [11] indicate that the RFM method gives good results
while no calibration material is required. However, published RFM parameters are not completely
suitable for different coaxial probes and hence a new set of parameters may be required to determine.
The second category of researches is based on analytical/semi-analytical full-wave analysis [12][15] and numerical simulations [16]-[21]. Although these methods are more difficult to implement,
they have better accuracy. In the models of the first category and analytical/semi-analytical full-wave
analysis methods, the material sample and coaxial probe flange dimensions are usually considered
infinite. Using numerical methods such as FEM, FDTD and FDFD, the real geometry of the problem
is considered and more precise results can be obtained. For example, FEM, FDTD and FDFD
methods have been used to analyse the open-ended coaxial probe and to investigate the accuracy of
other approaches [15]-[20]. In addition, the FDTD method has been used to determine the
electromagnetic properties of concave surface materials [19],[20]. The FDFD method similar to
FDTD has the capability of solving electromagnetics problems with complex geometries that are
difficult to analyse by other methods [21]. In [21], it is indicated that the FDFD method is more
efficient than FDTD method due to the short simulation time for analysing coaxial probe problems.
Analysis of dispersive materials using frequency domain methods is easier compared to analysing
them using time domain methods such as FDTD method [22]. In addition, discretization of Maxwell's
equations can be implemented in a much simpler way than other frequency domain methods such as
FEM [22].
In this paper, we present a new method based on using 2D-FDFD method along with the genetic
algorithm to measure the dielectric properties of materials. In the next section, the theory of the
proposed method is explained. To evaluate the accuracy of this method, the electrical properties of
three materials are measured and the obtained results are compared with reference values in section
III. Finally, we have the paper conclusion in the last section.
II. THEORY
To measure the dielectric properties of materials, first, a coaxial probe in contact with a dielectric
material is connected to a vector network analyser (VNA) and the reflection coefficient of this probe
at the aperture is measured. Then, according to the proposed method, the measured coefficient is
converted to the permittivity coefficient. In this work, an SMA connector with flange, Fig. 1, is used
as the coaxial probe and reflection coefficient of this probe at the aperture-plane is measured by the
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F i g. 1. SMA connector used as a coaxial probe.

Fig. 2. Schematic of the finite flanged open-ended coaxial probe in contact with dielectric.

Agilent E8363B vector network analyser.
In the proposed method, the coaxial probe and the material under test are analysed using 2D-FDFD
method. Therefore, the reflection coefficient of the probe aperture for materials with known
permittivity can be computed by FDFD simulations. These simulations along with genetic algorithm
optimization are used to determine the electrical properties of an unknown material from the
reflection coefficient measured by VNA.
A. FDFD method for coaxial probe analysis
Fig. 2 shows the geometry of the problem. Due to the axial symmetry of the structure, the 2-D
FDFD method is employed for the analysis of only one-half of the longitudinal cross-section. This
leads to computational efficiency. The perfect matched layer (PML) boundary condition is used and
the computational region is divided into the total field and the scattered field regions [21]. The
incident wave source is considered at the total–scattered field region interface.
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F i g. 3. Two-dimensional finite difference cell in the cylindrical coordinates [21].

Due to the cylindrical symmetry of the geometry, we have    0 , and the modes which are
excited at discontinuities are TM. The existing field components ( E r , E z , H  ) can be obtained by
Maxwell equations as following



H
z

 j 0 r PMLr Er

(1)

1 
(rH  )  j 0 r PMLz Ez
r r

(2)

Er Ez

  j0  r PML H 
z
r

(3)

where


s sz
 PMLr 
sr


sr sz
 PML 
s


ss
 PMLz  r 
sz


(4)

and s r , s and s z are the cylindrical coordinate stretching variables [23].
Maxwell’s equations (1)-(3) are discretized using a two dimensional finite-difference cell of Fig. 3.
Combining these discretized forms to eliminate the electric field components, the following equation
is obtained [21]

A1Hi 1, j  A2 Hi 1, j  A3 Hi , j 1  A4 Hi , j 1  A5 Hi , j  0

(5)

Where

A1 

2ri 1
1 1
1
i 1 2, j
i 1, j
dri ri 1 2 PMLz
 r dri 1   ri , j dri

(5-a)
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(a)

(b)

(c)

F i g. 4. (a) Incident wave located at the interface of the total-scattered field region [21] (b) Cell next to the z-axis [21]
(c) Cell next to the PEC.

A2 

2ri 1
1 1
1
i 1 2, j
i, j
dri ri 1 2 PMLz
 r dri   ri 1, j dri 1

(5-b)

A3 

1
1
2
i , j 1 2
i , j 1
dz j PMLr
 r dz j 1   ri , j dz j

(5-c)

A4 

1
1
2
i , j 1 2
i, j
dz j PMLr
 r dz j   ri , j 1dz j 1

(5-d)

A5  (

ri A1 ri A2

 A3  A4   2 0 0 ri , j PMLi, j )
ri 1 ri 1

(5-e)

and ri is the distance between the centre of the cell and the axis of the probe.
According to Fig. 4(a), the incident TEM wave source is applied on the total-scattered field
boundary. The EM field components of the incident wave are as follows [21]
i , j 1 2
Erinc


U inc
1
exp   j c c ( z j  0.5dz j ) 
ln(b / a) ri  a

Hi ,incj   c / c

U inc
1
exp( j c c z j )
ln(b / a) ri  a

(6)

(7)

where z j , a, b, c and c are the distance between the centre of the cell and the input of the probe,
the inner and outer radius of the coaxial probe, and the complex permeability and permittivity of the
coaxial dielectric, respectively.
The cells in the computational region are classified into five types. The cells that the total–
scattered field region interface crosses (cell A in Fig. 4(a)), the cells just below the total–scattered
field region interface (cell B in Fig. 4(a)), the cells next to the z-axis (cell C in Fig. 4(b)), the cells
next to the PEC (cell D in Fig. 4(c)) and other cells.

Journal of Communication Engineering, Vol. 10, No. 1, January-June 2021

7

It can be shown that cells in the first and second category are described by the following equations,
respectively [21]

A1Hi 1, j  ...  A5 Hi , j 1 
i 1, j

A1H

 ...  A5 H

i, j

2 Hi ,incj
1
1
1
i , j 1 2

+
j 0 Erinc
i , j 1 2
i , j 1
i, j
dz j PMLr
 r dz j 1   r dz j dz j

(8)

2 Hi ,incj 1
1
1


dz j PMLir, j 1 2  ri , j dz j   ri , j 1dz j 1

(9)

For the third category, Equation (5) can be used with A1 and A5 replacing by [21]

 A1  0

r1 A2
1 2
4

2
1, j
1, j
 A5  ( r  A3  A4 )  (  0 0 r PML  ( dr )  1, j PML1 2, j )
2
i
r
z


(10)

For the cells next to the PEC, the electric field component on the surface of the PEC is zero. For
i 1 2, j

example, if the index of cell D in Fig. 4(c) is (i, j), the electric field component E z

in the

discretized form of (2) should be set to zero. Thus, it can be shown that cell D is described by (5) with
i 1 2, j

A1 =0 . In general, for cells in which one of the electric field components ( E z
i , j 1 2

, Er

i 1 2, j

, Ez

i , j 1 2

, Er

) is zero, the coefficients in (5) should be revised as following

 Ezi 1 2, j  0 :
 i 1 2, j
 0:
 Ez
 i , j 1/2
 0:
 Er
 E i , j 1/2  0 :
 r

A1  0
A2  0
A3  0

(11)

A4  0

Finally, Equation (5) is used for other cells.
In summary, a linear set of equations can be obtained as follows

 A X    F 

(12)

where [A] is the coefficients matrix, [X] is the unknown matrix of the variables H  , and [F] is related
to TEM wave source. Determining H  components by solving equation (13), E components can be
obtained from the discretized form of (1) and (2). According to the reference plane at the interface
between cell A and B in Fig. 4(a), the reflection coefficient of TEM mode can be calculated as
follows [21]
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Vrefj 1/2

(13)

Vincj 1/2

where Vref and Vinc are the reflected and the incident voltages, respectively, and are be obtained as
follows [21]
b

j 1/2

a

r

dr   Eri , j 1/2 dri

(14)

j 1/2
i , j 1/2
Vincj 1/2   Erinc
dr   Erinc
dri

(15)

Vrefj 1/2   E

i

b

a

i

The Er components in (15) are obtained from the discretized form of (1) for the cells just below the
total–scattered field region interface as follows [21]

Eri , j 1/2 

1

2

j 0  dz j  
i, j
r

i , j 1
r

dz j 1



1
 H i , j  ( Hi , j 1  Hi ,incj 1 ) 
i , j 1 2  
PMLr

(16)

The reflection coefficient at the probe aperture can be calculated by de-embedding  as follows

a   exp(2 j 0 d )

(17)

where 0 is the propagation constant of the coaxial probe and d is the distance between the original
reference plane and the probe aperture.
B. Electrical properties calculation
In this section, the genetic algorithm as an optimization tool is employed to compute the relative
complex permittivity (  r   r  j  r   r  j   0 ) from the reflection coefficient measured by VNA.
The goal of an optimization process is to minimize a given objective function value under a
specific set of constraints. In the genetic algorithm, first, an initial population of solutions (called
chromosomes) is generated. Each solution is evaluated by the objective function and the best solutions
(chromosomes) are selected and modified using operators such as recombination (crossover) and
mutation, to form a new population. In the next iteration, a portion of the best solutions of the
previous and new population are selected to form a new generation. The algorithm terminates when
either a maximum number of generations is produced, or the objective function value reaches the
specified value.
In this problem, the objective function of the GA is defined as
2

Objective Function=  real ( meas
  aFDFD )   imag ( meas
  aFDFD ) 
a
a

2

(18)

where Gameas and GaFDFD are measured reflection coefficient by VNA and the calculated one by the
FDFD simulation, respectively.
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Fig. 5. Calibration process and permitivity calculation procedure.

The VNA reference plane for the reflection coefficient measurement is at the entrance of the
probe. Note that de-embedding the coaxial cable between VNA and SMA is done by the use of
calibration kit including open, short, and load. To determine the desired reflection coefficient at the
probe aperture, we consider the probe as a two-port microwave network, in which S-parameters relate
the reflection coefficient measured by VNA ( Gmeas ) to the reflection coefficient at the aperture plane
( Gameas ) as follows [10]

 meas  S11 

S12 S21 meas
a
1  S22  meas
a

(19)

To determine the three combinations of S-parameters, S11, S22, and S12S21 in (19), we use three
reference materials (air, distilled water, and methanol) along with measured data for meas and
simulated data, obtained by FDFD method, for  a

meas

. Fig. 5 shows the calibration process and

permittivity calculation procedure.
In the optimization procedure, the relative complex permittivity is defined in terms of four
variables, according to (20). In fact, a set of four integers in the range (0-100) is generated as a
chromosome (Fig.6). Assuming the real and imaginary part of the relative permittivity are decimal
numbers in the range 0 to 100, the first and third numbers of chromosomes are considered as the
integer part and, the second and fourth numbers are considered for the decimal part. In most cases we
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Fig. 6. Generated chromosomes in genetic algorithm.

know the approximate range of the dielectric coefficients in bandwidth, so the solution search domain
in GA code can be defined smaller and more precisely.

  e1 

e2
e
 (e3  4 ) j
100
100

(20)

III. NUMERICAL RESULTS
To evaluate the accuracy of the proposed method, the complex permittivity of the Saline 0.5 M as
a high loss liquid medium with high dielectric constant, ethanol with low electrical properties, and
Teflon as a solid material with a low dielectric constant are measured in the range of 0.1-18 GHz. The
setup for measuring the reflection coefficients of the materials is shown in Fig. 7. The liquids volume
is about 250 ml and the distance of the probe from the bottom of the beaker is more than 30 mm. The
radius and height of the solid sample (Teflon) is 20 mm and 40 mm, respectively.
Computational domain is discretized with a mesh size of 0.1 mm and the PML length is set to 1
mm. In the simulation code, the dimensional parameters of the coaxial probe and the dielectric
material, as indicated in Fig. 2, are 2a = 1.3 mm, 2b = 4.1 mm, R = 5 mm, B = 2.1 mm, c = 7 mm, d =
2 mm, w =1 mm, h = 1 mm.
The 2D-FDFD method and the genetic algorithm are implemented in MATLAB 2019 on a
personal computer with core i7-32 GB RAM. The simulation time of the FDFD algorithm for each
frequency is about 2.3s. In the GA code, the number of population and iterations (termination
condition) are considered 50 and 40, respectively. At a certain frequency point, the run time of
optimization to find the relative permittivity is about 75 min. Fig. 8 shows the comparison between
the dielectric constant and conductivity measured by the proposed method and the theoretical ones for
Saline 0.5 M, ethanol and Teflon [24]-[26].
Table II summarizes the Cole-Cole parameters reported by [24],[25] for saline solution, ethanol
and calibration materials (distilled water and methanol). The Cole-Cole equation is given as [24]

   '  j ''    

s  

j i
1
1  ( j )
 0

(21)

where   is the optical permittivity,  s is the static permittivity,  is the relaxation time,  is the
distribution parameter and  i is the ionic conductivity of the liquids.
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F i g. 7. Measurement setup.

Table II. Cole-Cole parameters of references and test liquids [24, 25].
Material
distilled water
methanol
Saline 0.5 M
ethanol



s



 ( ps )

i

78.5

5.2

8.3

0

0

33

5.33

53.29

0

0

69.257

4.9

7.995

0

4.68

25.4

4.38

177.23

0

0

Table III. Mean Absolute Percentage error of electrical properties of test materials
Saline 0.5 M
MAPE (%)

4.6

Ethanol

Teflon

5.72

9.21

In Fig. 8, the curves show good agreement between measured and reference data. Table III
reports the magnitude of mean absolute percentage error (MAPE) for electrical properties of
the Saline solution, ethanol and Teflon, computed as follows

MAPE 

 ref   meas
100

N N
 ref

(22)

where  ref and  meas are the reference relative permittivity and measured ones, respectively, and
N is the number of frequency points.
From Table III, it can be seen that the MAPE values are below 10%. The maximum absolute
percentage error at the frequency range of 6-12 GHz, which is a common range for many applications,
is 4.3% (saline), 11.4% (ethanol) and 11.8% (Teflon). This accuracy can be acceptable as the
maximum error is below 12% and the MAPE values in this rang are respectively 3% (saline), 3.3%
(ethanol) and 11.21% (Teflon).
The errors of the results may be due to following factors
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(a)

(b)

(c)

(d)

(e)

(f)

F i g. 8. Comparison between the dielectric constant and conductivity measured by the proposed method and the
theoretical ones for Saline 0.5 M, ethanol and Teflon. (a) Saline dielectric constant, (b) Saline conductivity (S/m). (c)
ethanol dielectric constant. (d) ethanol conductivity (S/m). e) Teflon dielectric constant. (f) Teflon conductivity (S/m).
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Table IV. Comparision of proposed method and other open-ended coaxial probe based methods
Methods

Speed

Lumped element

High

Dependency on
calibration
materials
YES

Virtual transmission Line
RFM
Analytical/ semi-analytical fullwave analysis

High
High

Proposed method

Closed form
relation

Accuracy

Complexity

YES

Low

Low

YES
NO

YES
YES

Medium
Medium

Low
Medium

Medium

NO

NO

Medium

Medium

Low

NO

NO

High

High

 Systematic errors which have not been completely eliminated along with random errors have
affected the accuracy of reflection measurement. In the case of Teflon as a solid, some of the
error is due to that the probe was not completely in contact with the sample and there was an
air gap between the probe and Teflon.
 The numerical calculation of reflection coefficient by the FDFD method has some errors.
 The purity of the materials used in this study, such as ethanol and saline, was not exactly the
same as that of materials used for Cole-Cole parameter extraction.
Table IV, compares the proposed method with other open-ended coaxial probe based methods.
IV. CONCLUSION
In this paper, a new method based on 2D-FDFD along with the genetic algorithm is proposed to
determine the complex permittivity of solid and liquid materials by an open-ended coaxial probe.
According to this method, 2D-FDFD is applied to analyse the coaxial probe and the material under
test with known parameters. On the other hand, the GA, as an optimization algorithm, is used to solve
the inverse problem based on the measured values by VNA and simulated values by 2D-FDFD.
Validation studies conducted using three known materials, i.e., saline 0.5 M, ethanol, and Teflon in
the frequency range of 0.1-18 GHz. MAPE values in these measurements are below 10% and hence
there is an acceptable agreement between the theoretical values and experimental results obtained in
this paper. Therefore, the proposed method can be a good choice for electrical measurements of
unknown materials in a broadband frequency range of 0.1-18 GHz.
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